The aim of this work is to demonstrate the effectiveness of the extension theory for the investigation of the stability of standing waves for semilinear Schrödinger equations with δ-and δ ′ -interaction on the line and on the star graph.
Introduction
In the last years the study of nonlinear dispersive models with point interactions has attracted a lot of attention of mathematicians and physicists. In particular, such models appear in nonlinear optics, Bose Einstein condensates, and quantum graphs (or networks) (see [13, 17, 18, 31] and reference therein). The prototype equation for description of these models is the nonlinear Schrödinger equation (NLS henceforth) i∂ t u(t, x) + ∂ 2 x u(t, x) = µ |u(t, x)| p−1 u(t, x), x = 0, (t, x) ∈ R × R, p > 1, (1.1)
with specific boundary conditions at x = 0 induced by the certain impurity. Recently, there has been a growing interest in this model from the mathematical side in the attempt to establish the local well posedness of its initial value problem and periodic boundary value problem, the long time behavior of its solutions, blow up and scattering results, the existence of stationary states (see [1, 10-12, 18, 19, 22, 25, 28] and reference therein). Numerous analytical, numerical and experimental works deal with special solutions of (1.1). In particular, a big part of them consider so-called standing wave solutions which preserve the spatial shape and harmonically oscillate in time, namely, solutions of the form u(t, x) = e iωt ϕ ω (x).
Both the structure of the family of standing waves, as well as the problems of the existence and stability/instability, are far richer and more complicated in the case of the NLS equation with point interactions than in the case of the NLS equation without impurities.
In this paper we investigate an orbital stability of the standing waves of the NLS equation with δ-and δ ′ -interactions on the line and on the star graph. One of the main advantages of using the point interactions is the existence of an explicit expression for the soliton profile ϕ ω . This allows one to prove very specific results, the proofs of which are considerably harder in the case of general linear potential.
Our paper consists of two parts. In the first part we propose a new approach to the known stability results for NLS equation with δ-and δ ′ -interaction on the line. It should be noted that most of previous results are based on either variational methods or the abstract stability theory by Grillakis, Shatah and Strauss [26, 27] which requires spectral analysis of certain self-adjoint Schrödinger operators. In particular, investigation of the spectrum is based on analytic perturbation theory and variational methods.
Our approach relies on the theory of extensions of symmetric operators, Sturm oscillation theorem, and spectral theory of self-adjoint Schrödinger operators. Our method simplifies essentially the stability analysis at least in the case of attractive point interactions.
We also show that stability of standing wave solution of NLS-δ equation with repulsive nonlinearity (µ > 0 in (1.1)) might be easily established, while in [30] the authors used variational approach which requires considerably more extensive proofs. It is worth mentioning that extension theory was applied in [11] for investigation of stability of standing waves with the peak-Gausson profile ϕ ω,γ (x) = e The second part of the paper is devoted to the study of the orbital stability of the NLS equation with δ-and δ ′ -interaction on the star graph. To our knowledge such type of models is much more less studied. For instance, the only stability results for NLS-δ equation on the graph were obtained in [1, 2] , meanwhile the investigation for NLS-δ ′ equation on the graph have never been elaborated before. Here we propose a short proof of the orbital stability of a certain family of standing waves for NLS-δ equation on the graph with negative intensity α < 0. Note that in [1] it was a big problem to show the stability for any α < 0 without restriction α < α * < 0. Our approach allows us to overcame easily this difficulty. Moreover, in the present work we prove the following novel stability theorem for the standing waves of NLS-δ ′ equation on the graph with specific profile. be the standing wave of (2.11) defined by (2.20) . Then the following assertions hold.
, then U(t, x) is orbitally stable in H 1 (G).
(ii) If ω > N 2 λ 2 p+1 p−1 and N is even, then U(t, x) is orbitally unstable in H 1 (G).
The above result partially generalizes the results for the NLS-δ ′ equation on the line. The paper is organized as follows. In the Preliminaries we give some brief description of the point interactions in the context of the theory of extensions and also review previous results on the orbital stability. In Section 3 we discuss NLS equation with δ-and δ ′ -interaction on the line, while in Section 4 we provide investigation on the star graph.
Notation. Let −∞ ≤ a < b ≤ ∞. We denote by L 2 (a, b) the Hilbert space equipped with the inner product (u, v) = Re
we denote the Sobolev spaces. The space of radial symmetric functions in
We denote by X odd the set of odd functions.
We denote by G the star graph constituted by N half-lines attached to a common vertex ν = 0. On the graph we define the spaces
Depending on the context we will use the following notations for different objects:
. Let A be a densely defined symmetric operator in the Hilbert space H. The domain of A is denoted by dom(A). The deficiency numbers of A are denoted by n ± (A) := dim ker(A * ∓iI). The number of negative eigenvalues (counting multiplicities) is denoted by n(A).
Preliminaries

NLS with point interactions.
Point interaction for (1.1) at x = 0 is formally defined by
The equation (2.1) captures the interaction of the "field" u with the impurity (see [19] ). The parameters in (2.2) label the self-adjoint extensions of the closable symmetric operator
dx 2 defined, for instance, on the space C ∞ 0 (R\{0}) of smooth functions with compact support separated from the origin x = 0. In fact, due to the theory of extensions of symmetric operators on Hilbert spaces, there exists a 4-parameter family of self-adjoint extensions which describes all one-point interactions of H 0 . Such family can be equivalently described by means of boundary conditions at the origin We are interested in two specific choices of the parameters in (2.2), which are relevant in physical applications (see [3, 19] ). The first choice τ = a = d = 1, b = 0, c = −γ, γ ∈ R \ {0}, µ = ∓1 corresponds to the δ-interaction of strength −γ which gives rise to the following NLS-δ model
The operator H δ γ is formally defined by the expression l
, where δ(x) is the Dirac delta distribution. Equation (2.4) has been considered in various physical models with a point defect, for instance, in nonlinear optics and Bose-Einstein condensates. Indeed, the Dirac distribution models an impurity or defect localized at the origin. Moreover, NLS-δ equation can be viewed as a prototype model for the interaction of a wide soliton with a highly localized potential. In nonlinear optics it models a soliton propagating in a medium with a point defect, or interaction of a wide soliton with a much narrower one in a bimodal fiber (see [6, 13, 18, 25, 28, 29, 32, 33, 37, 38] and references therein).
The second choice of parameters τ = a = d = 1, c = 0, b = −β, β ∈ R \ {0}, µ = −1 corresponds to the case of so-called δ ′ -interaction of strength −β. It gives rise to the following model (NLS-δ ′ henceforth)
Recall that H δ ′ β is formally defined by the expression l
. As far as we know, NLS-δ ′ model is less studied. In particular, the problem of the wellposedness of the dynamics is treated in [5] for the whole family of point interactions and cubic nonlinearity. Moreover, in [3, 4] the authors study variational properties and orbital stability of the ground states of the NLS-δ ′ equation. The second part of our paper is devoted to investigation of the following nonlinear Schrödinger equation on the star graph G
where 8) where
and U is an arbitrary unitary N × N matrix and I is the N × N identity matrix . The conditions (2.8) at x = 0 define the N 2 -parameter family of self-adjoint extensions of the closable symmetric operator ( [16, Chapter 17] )
Equation (2.7) models propagation through junctions in networks (see [13, 31] ). The analysis of the behavior of NLS on networks is not yet fully developed, but it is currently growing (see [1, 2] and references therein). The linear Schrödinger equation on graphs has been a very developed subject due to its applications in quantum chemistry, nanotechnologies, and mesoscopic physics (see [16] for details and references).
Similarly to the previous scalar case we consider two choices of matrix U which correspond to so-called δ-and δ ′ -interactions on the star graph G. More precisely, the matrix
where I is the N × N matrix whose all entries equal one, induces the following nonlinear Schrödinger equation with δ-interaction on the graph G
Model (2.9) has been extensively studied in [1, 2] . In particular, the authors showed wellposedness of the corresponding Cauchy problem. Moreover, they investigated the existence and the particular form of standing waves, as well as their variational and stability properties (see Theorems 2.2 and 2.4 below). The second model we are interested in corresponds to
which induces nonlinear Schrödinger equation with δ ′ -interaction on the graph G
To our knowledge such type of interaction has never been studied for NLS on the star graph. In this connection one of the principal aims of this paper is to establish some results about the existence and stability of standing wave solutions of (2.11).
Review of the results on orbital stability for NLS equation with point interactions.
Crucial role in the stability analysis is played by the symmetries of the NLS equation (1.1). The basic symmetry associated to the mentioned equation is phase-invariance (in particular, translation invariance does not hold due to the defect). Thus, it is reasonable to define orbital stability as follows (for equations (2.4) and (2.6)).
Definition 2.1. The standing wave u(t, x) = e iωt ϕ(x) is said to be orbitally stable in a Hilbert space X if for any ε > 0 there exists η > 0 with the following property: if u 0 ∈ X satisfies ||u 0 − ϕ|| X < η, then the solution u(t) of (2.4) (resp. (2.6)) with u(0) = u 0 exists for any t ≥ 0 and
Otherwise, the standing wave u(t, x) = e iωt ϕ(x) is said to be orbitally unstable in X.
For NLS-δ and NLS-δ ′ equations on the line the space X coincides with H 1 (R) and H 1 (R \ {0}) respectively. Note also that the above definition is analogous in the case of NLS equation on the star graph G, and the corresponding space X coincides with E(G) for equation (2.9) and with H 1 (G) for equation (2.11) . The existence of standing wave solutions of the equation (2.4) requires that the profile ϕ = ϕ ω,γ ∈ D γ satisfies the semi-linear elliptic equation
Fukuizumi and Jeanjean in [23] (see also [25] ) showed that (2.13) for ω >
has a unique positive even solution modulo rotation (see Figure 1 )
(2.14)
This solution is constructed from the known solution of (2.13) in the case γ = 0 on each side of the defect pasted together at x = 0 to satisfy the condition of continuity and the jump condition ϕ For the sake of completeness, we recall the main results on the stability of soliton solutions of (2.4). For γ = 0 orbital stability has been extensively studied in [14, 20, 21, 39] . Namely, e iωt ϕ ω,0 is stable in H 1 (R) for any ω > 0 and 1 < p < 5 (see [20] ) and unstable in H 1 (R) for any ω > 0 and p ≥ 5 (see [14] for p > 5 and [39] for p = 5).
The case γ > 0 was studied in [24] . In particular, authors showed that the standing wave e iωt ϕ ω,γ is stable in H 1 (R) for any ω > , ω * and unstable in H 1 (R) for any ω > ω * . In the case γ < 0, the standing wave e iωt ϕ ω,γ is unstable "almost for sure" in H 1 (R) for any p > 1 (see [22, 23, 35] ).
As it was mentioned above, the literature on stability of standing waves for NLS-δ ′ equations is very limited. As far as we know there are only two papers [3, 4] which establish extensive investigation on the topic. In [4] the case of 1 < p < 5 and β > 0 was considered. Meanwhile, in [3] the authors investigated stability of standing waves for NLS-δ ′ equation in more general setting (in particular, for p > 1 and β > 0).
As above the existence of standing wave solutions u(t, x) = e iωt ϕ ω,β (x) of equation (2.6) requires that the profile ϕ = ϕ ω,β ∈ D β satisfies the semi-linear elliptic equation
It was shown in [3] that for β > 0 equation (2.15) has two types of solutions (odd and asymmetric, see Figure 2 )
, where y, y 1 and y 2 are positive constants depending on β, p, ω (see [3, Theorem 5.3] ). and unstable for p > 1,
• standing wave e iωt ϕ ass ω,β is stable for
meanwhile e iωt ϕ ass ω,β is unstable for p > 5, ω > ω 2 > ω 1 . The solutions in the case β < 0 can be defined similarly (see Figure 3 ). In this case the constants y, y 1 , y 2 have to be negative. 
for the NLS-δ and NLS-δ ′ equation on the star graph which appears to be more complicated problem. It is easily seen that amplitude Φ ∈ D α of the standing wave of equation (2.9) satisfies the following stationary equation
In [2] the authors obtained the following description of all solutions to equation (2.17).
Theorem 2.2. [2, Theorem 4] Let [·]
denote the integer part of the real number. Let also α < 0, and ω >
where a m = tanh
Moreover, for −N √ ω < α < α * < 0, the vector solution
is the ground state. The parameter α * in Theorem 2.2 originates from the variational problem associated with equation (2.17) and guarantees constrained minimality of the action functional
Namely, the vector solution Φ 
In [2] the following orbital stability result has been shown.
Then the ground state e iωt Φ α 0 is orbitally stable in E(G). Stronger version of the above theorem was proved in [1, Theorem 1] . In particular, the authors proved orbital stability of e iωt Φ α 0 for α < 0 without restriction α < α * < 0. The proof is based on a new original technique that allows one to restrict the analysis to functions made of pieces of soliton, reducing the problem to a finite dimensional one and avoiding to use direct methods of calculus of variations and linearization procedures (which is standard for Grillakis, Shatah and Strauss approach). Note also that, analogously to the scalar case, the authors in [2] showed that for p > 5 there exists ω * such that e iωt Φ α 0 is stable in E(G) for any ω ∈ α 2 N 2 , ω * and unstable for any ω > ω * .
To our knowledge, the problem of orbital stability of standing waves U(t, x) = e iωt Φ(x) has never been considered for NLS-δ ′ equation (2.11) on the star graph. In the present paper we study the orbital stability of the standing waves U(t, x) = e iωt Φ λ 0 with tail-like profile
In Section 4 we prove a quite new result on stability of e iωt Φ λ 0 (see Theorem 1.1). This result in the case N = 2 coincides with the known results for standing waves e iωt ϕ odd ω,β (x) of NLS-δ ′ equation on the line. Finalizing we note that investigation of the stability of the standing waves of NLS-δ and NLS-δ ′ equation on the star graph with bumps in profile Φ(x) appears to be a complicated problem. The last one will be a topic of our future work.
3 Orbital stability of standing wave solutions for NLS-δ and NLS-δ ′ equation on the line
NLS-δ equation
Consider NLS-δ equation with attractive nonlinearity
As it was mentioned above, one of the main approaches in stability analysis is the abstract theory by Grillakis, Shatah and Strauss [26, 27] . To formulate the stability criterium for the NLS-δ equation in the framework of this theory we define the following two self-adjoint linear operators
The operators L 
where u = u 1 + iu 2 and v = v 1 + iv 2 . The functions u j , v j , j ∈ {1, 2} are assumed to be real valued. Note also that ϕ ω,γ is a critical point of S . Suppose that the following spectral conditions hold.
(iv) The rest of the spectrum of the operators L Making use of the explicit form (2.14) for ϕ ω,γ , the sign of ∂ ω ||ϕ ω,γ || 2 was computed in [23, 24] . By variational methods, it was shown in [23] that n(L γ 1,ω ) = 1 in H 1 rad (R), for arbitrary γ. Moreover, by using analytic perturbation theory and continuation argument, it was shown in [22] that n(L In particular, we show the following key result.
We establish two novel proofs of Proposition 3.2. The first one is based on a generalization of the classical Sturm oscillation theorem to the case of point interaction (see [9, 15] ). We present its proof for completeness.
corresponding to the eigenvalues λ 1 < λ 2 < c respectively. Suppose that n 1 and n 2 are the number of zeroes of ϕ 1 , ϕ 2 respectively. Then n 2 > n 1 .
Proof. Suppose that ϕ 1 (a) = ϕ 1 (b) = 0 and −∞ < a < 0 < b ≤ ∞, besides ϕ 1 (∞) = 0 is understood in the sense of limit. Let also
Suppose that ϕ 2 has no zeros in (a, b) and ϕ 2 > 0 in (a, b) . Using the fact that ϕ 1 , ϕ 2 are eigenfunctions of L V , we arrive at
−0 = 0. Therefore, from (3.2) and initial assumptions it easily follows that
which is a contradiction. Thus, ϕ 2 has at least one zero in (a, b) . Analogously, we can prove that there exists ξ ∈ (−∞, a] such that ϕ 2 (ξ) = 0. Thereby, between two finite zeroes of ϕ 1 there exists a zero of ϕ 2 and between the last finite zero of ϕ 1 and ∞ (between the first finite zero of ϕ 1 and −∞ respectively) there is at least one zero of ϕ 2 . The proof is completed.
The second proof of Proposition 3.2 uses extension theory of symmetric operators. For convenience of the reader and for the future references we formulate the following two results. The first one reads as follows (see [34, Chapter IV, §14]).
Proposition 3.4. Let A be a densely defined lower semi-bounded symmetric operator (that is, A ≥ mI) with finite deficiency indices n ± (A) = k < ∞ in the Hilbert space H, and let A be a self-adjoint extension of A. Then the spectrum of A in (−∞, m) is discrete and consists of at most k eigenvalues counting multiplicities. Remark 3.7. In connection with Lemma 3.3 and Proposition 3.6 it is worth mentioning spectral properties of the following self-adjoint operator corresponding to γ = 0 in (3.1)
Here ϕ ω,0 is the smooth soliton solution for the NLS equation (1.1) with µ = −1 defined as
The discrete spectrum of L Initially we obtain from (2.13) that (L γ 1,ω ϕ ω,γ , ϕ ω,γ ) < 0, and, due to Proposition 3.6, we have n(L γ 1,ω ) ≥ 1. To evaluate n(L γ 1,ω ) precisely consider the following self-adjoint operator
where ϕ ω,0 is defined in (3.3). It is easily seen that ϕ
. From Lemma 3.3 and the fact that x = 0 is the only zero of ϕ
for all x ∈ R and γ > 0 (but not for γ < 0 !), we get the following inequality
Combining inequality (3.4) with Proposition 3.6, we get
Thereby, in the case γ > 0 we get n(L γ 1,ω ) = 1.
The second of Proposition 3.2. Recall that L γ 1,ω is the self-adjoint extension of the following symmetric operator
Moreover, it is known (see [7, Chapter I.3] ) that
Next, it is easy to verify that for γ > 0 and v ∈ H 2 (R \ {0}) the following identity holds (see [3, Subsection 6 .1])
Then, using (3.5) and integrating by parts, we get
The integral terms in (3.6) are non-negative and equal zero if and only if v ≡ 0. Due to the condition v(0) = 0, non-integral term vanishes, and we get
Due to the positivity of L 0 , we conclude n − (L 0 ) = n + (L 0 ) (see [34, Chapter IV, §14] ) and, by Neumann formula (see [34, Chapter IV, §14]), deficiency indices of L 0 are given by
Then, using Proposition 3.4 we get n(L γ 1,ω ) ≤ 1. This finishes the proof due to the inequality (L γ 1,ω ϕ ω,γ , ϕ ω,γ ) < 0. Remark 3.8. The second proof of Proposition 3.2 cannot be applied for γ < 0 since in this case ϕ ′ ω,γ has two zeroes.
NLS-δ equation with repulsive nonlinearity.
In [30] the authors considered stability of standing waves u(t, x) = e iωt ϕ ω,γ for the following nonlinear Schrödinger equation with repulsive nonlinearity on the line
with the profile ϕ = ϕ ω,γ satisfying the semi-linear elliptic equation
In [30] Kaminaga and Ohta using variational methods proved the following result. (i) For ω = 0 and 1 < p < 5, the stationary problem (3.8) has unique positive solution (modulo rotations) ϕ 0,γ ∈ H 1 (R) given by
Moreover, the standing wave solution ϕ 0,γ is stable in H 1 (R).
(ii) For 0 < ω <
and p > 1, the stationary problem (3.8) has unique positive solution (modulo rotations) ϕ ω,γ ∈ H 1 (R) given by
Moreover, the standing wave solution e iωt ϕ ω,γ is stable in H 1 (R).
We recall that the authors also proved absence of nontrivial solution of (3.8) in the cases ω / ∈ 0,
and ω = 0, p ≥ 5. The approach used in the first proof of Proposition 3.2 can be applied to give a short proof of the stability part of the above theorem. Let us show that the criterium of stability of Grillakis, Shatah and Strauss (see [26, Theorem 1]) might be easily applied. Indeed, for 0 < ω < and γ > 0 we define the following two self-adjoint linear operators
Here ϕ ω,γ is defined by (3.9). Well-posedness of equation 
NLS-δ ′ equation
As it was mentioned in the Preliminaries, orbital stability of standing wave solutions for NLS-δ ′ equation has been investigated in [3, 4] . In this Subsection we focus on the orbital stability of e iωt ϕ odd ω,β , where ϕ odd ω,β is defined by (2.16) . In what follows we will use the notation ϕ ω,β = ϕ odd ω,β . Methods used in [4] are purely variational, while in [3] the authors combine variational approach and approach by Grillakis, Shatah and Strauss. Namely, they study spectral properties of the following two self-adjoint operators 
in the sense of bilinear forms. Namely,
, where u = u 1 + iu 2 and v = v 1 + iv 2 . The functions u j , v j , j ∈ {1, 2} are real valued.
The well-posedness for (2.6) in H 1 (R \ {0}) was established in [3, Proposition 3.3] . Note also that in the present case holds stability criterium analogous to Theorem 3.1 (the operators L 
Proof. First, note that L β 1,ω is the self-adjoint extension of the symmetric operator L min defined by
To see that, one needs to put
Moreover, the operator L min is non-negative for β > 0. Indeed, it is easy to verify that for β > 0 and v ∈ H 2 (R \ {0}) the following identity holds 11) where for x = 0
Here y =
(see [3] ). Using (3.11) and integrating by parts, we get
The integral terms in (3.13) are non-negative and equal zero if and only if v ≡ 0. Due to the conditions v(0) = v ′ (0) = 0, non-integral term vanishes, and we get L min ≥ 0. Due to the positivity of L min we conclude n − (L min ) = n + (L min ), and by Neumann formula deficiency indices of L min are given by
Indeed, (see, for instance, [7, Chapter 1.4])
Since L β 1,ω is the self-adjoint extension of the positive definite symmetric operator L min and n ± (L min ) = 2, by Proposition 3.4, n(L β 1,ω ) ≤ 2. Otherwise, we obtain from (2.15) that (L β 1,ω ϕ ω,β , ϕ ω,β ) < 0, and, due to Proposition 3.6, we have n(L
,ω is the self-adjoint extension of the following symmetric operator
Let us show that L ′ 0 ≥ 0. Using (3.11) and integrating by parts, we get
14)
The integral terms in (3.14) are non-negative. Let us focus on non-integral term. Due to the conditions v ′ (0) = 0, v(0+) = v(0−), and formula (3.12), we deduce
The last inequality follows from ω ≤
We have the following Neumann decomposition (see [7, Chapter I.4 
Due to the positivity of L ′ 0 and the above decomposition, we obtain
By Proposition 3.4, we get n(L (ii) The quadratic form of the operator L β 1,ω is defined in H 1 (R \ {0}) as follows
Noting that ϕ ′ ω,β (0+) = ϕ ′ ω,β (0−) and integrating by parts, we get for u = ϕ
The last one expression is negative due to ω >
,ω ϕ ω,β , ϕ ω,β < 0, and the functions ϕ ω,β , ϕ ′ ω,β have different parity, we obtain for r, s ∈ C . Indeed, when ∂ ω ||ϕ ω,β || 2 > 0 then instability follows from Proposition 3.10(ii). In the case ∂ ω ||ϕ ω,β || 2 < 0 we can conclude by Proposition 3.11 instability of e iωt ϕ ω,β in H 1 (R) ∩ X odd which naturally induces instability in 19) , i.e.,
where U = U 1 + iU 2 and V = V 1 + iV 2 . The vector functions U j , V j , j ∈ {1, 2} are assumed to be real valued. Since Assumptions 1, 2 in [26] hold (see [2, Proposition 2.1 and Theorem 4]), the following stability criterium holds.
N 2 , and the following spectral conditions hold.
(iv) The rest of the spectrum of the operators L The conditions (i), (ii), (iv) of Theorem 4.1 were established in [2] . The condition (iii) was proved for −N √ ω < α < α * using variational approach. We prove that n(L α 1,ω ) = 1 in the framework of the extension theory for α < 0 without restriction α < α * .
Proof. In what follows we will use the notation
Below we show that the operator L 0 is non-negative and n ± (L 0 ) = 1. First, let us show that the adjoint operator of L 0 is given by
Using standard arguments one can prove that dom(L *
which, by definition of the adjoint operator, means that
Thus, we arrive at the equality
Recalling that 
, and (4.1) holds.
Let us show that the operator L 0 is non-negative. First, note that every component of
Using the above equality and integrating by parts, we get for
Due to the Neumann formula we obtain the decomposition
Therefore, deficiency indices are equal (by positivity of L 0 ) and 
NLS-δ
′ equation on a star graph
As it was announced in the Introduction, in this Subsection we discuss a new problem. In particular, we study orbital stability of the standing wave U(t,
of NLS-δ ′ equation ( It is easily seen that amplitude Φ λ 0 of the standing wave satisfies the stationary equation
In other words, standing waves exist or Assumption 2 in [26] holds. As before we use the same approach by Grillakis, Shatah and Strauss. Due to this approach we need to prove well-posedness of the Cauchy problem associated with (2.11) (Assumption 1 in [26] 
where δ k,j is the Kronecker symbol. These operators are associated in a standard way with the second derivative of the following action functional
where
where U = U 1 + iU 2 and V = V 1 + iV 2 . Since Assumptions 1,2 in [27] are satisfied, the following theorem holds (see [27, Sability and Instability Theorem]).
λ 2 , and the number p(ω 0 ) be defined as
Let also the following spectral conditions hold.
(iv) The rest of the spectrum of the operators L 
Below we give the description of the spectrum of the operators L (
(v) The rest of the spectrum of L 
Due to the boundary conditions in (2.12) and formula (2.20) we obtain
which is obviously positive for λ < 0 due to Jensen's inequality for the function
(ii) Concerning the kernel of L λ 1,ω , we recall that the only L 2 (R + )-solution of the equation . Thus, we get that c 1 = ... = c j = 0 and V ≡ 0
The proof of the equality n(L
is similar to the one in the previous case of NLS-δ. Namely, denoting
we define the following symmetric operator
It is easily seen that L 
Taking into account that
we get nonnegativity of
The adjoint operator is given by
The last formula can be shown analogously to the previous case. Due to the Neumann decomposition, we get
Since L ′ 0 ≥ 0, deficiency indices are equal, and 
where l λ is defined in (4.6). The operator L λ 1,ω is the self-adjoint extension of L min . From the formula (4.7) it follows that L min is a non-negative operator. It is obvious that
Then, due to the Neumann formula
where V j ±i = 0, .., e i √ ±ix j , 0, .., 0 , and consequently n ± (L min ) = N. By Proposition Integrating by parts and using (4.5), we get , ω * and N is even, then U(t, x) is unstable in H 1 (G).
(c) If ω > ω * and N is odd, then U(t, x) is unstable in H 1 (G).
(ii) In the case ω = ω * and p > 5 we conjecture due to [35, Corollary 2] that the standing wave U(t, x) is unstable. Indeed, it is easy to show that the number of negative eigenvalues of the operator we can conjecture that for ω = ω * the standing wave U(t, x) is unstable in E(G) and consequently in H 1 (G).
